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Abstract
We consider 2-blocks of finite groups with defect groupD = Q×R and inertial quotient
E where Q ≅ (C2m)n, R ≅ C2r , and E contains a Singer cycle of Aut(Q) (an element of
order 2n − 1). We classify such blocks up to Morita equivalence when either E is cyclic or
r = 1. We achieve a partial classification when r > 1 and E is non-cyclic.
Keywords: Block theory; Donovan’s conjecture; Singer cycle; Morita equivalence.
1 Introduction
Let p be a prime number and O a complete discrete valuation ring with algebraically closed
residue field k and field of fractions K of characteristic zero. We assume that K contains a
∣G∣-th primitive root of unity for any finite group G we consider.
In a previous paper, [21], we classified 2-blocks with defect group (C2m)n whose inertial
quotient contained a Singer cycle. In this paper we consider similar blocks with the addition
of a cyclic factor to the defect group, centralised by the inertial quotient. We will prove
Theorem 1.1 and Theorem 1.2.
Recall that a block of G with defect group D is said to be inertial if it is basic Morita
equivalent to its Brauer correspondent in NG(D).
Theorem 1.1. Let G be a finite group and B a block of OG with defect group D = Q × R
and inertial quotient E such that Q ≅ (C2m)n, R ≅ C2r , and E centralises R and contains an
element of order 2n − 1, with n,m, r ≥ 1. Then E = E ⋊ F , where E ≅ C2n−1 and F is cyclic
of order dividing n, and one of the following occurs:
1. B is Morita equivalent to the principal block of one of:
(a) (Q ⋊ (E ⋊F )) ×R.
(b) (SL2(2n) ⋊ F ) ×R (only if m = 1).
(c) J1 ×R (only if m = 1 and n = 3).
2. B covers an inertial block of some N ⊲ G satisfying [G ∶ N] = [R ∶ R ∩N], and if E is
cyclic, then B lies in case (1a).
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Theorem 1.2. Let B˜ be a block of kG with defect group D = Q ×R and inertial quotient E
as in the hypothesis of Theorem 1.1. Further suppose that R∩E(G) = 1 or R ≤ E(G) (which
is implied if r = 1). Then B˜ is Morita equivalent to the principal block over k of one of (1a),
(1b), or (1c) from Theorem 1.1.
To proceed, we will collect standard Clifford theoretic results and other tools in Section 2.
In Section 3, we consider the relationship between the inertial quotients of a block covering
another when the normal subgroup has p-power index. In Section 4 we summarise the salient
results from [21], before proving Theorem 1.1 and Theorem 1.2 in Section 5.
2 Collecting Tools
Suppose that G is a finite group and N ⊲ G. We say a block algebra B of OG covers a block
b of ON if Bb ≠ 0. This relates the structures of B and b:
Proposition 2.1. ([1, 15.1]) Let N ⊲ G be finite groups, and let B be a p-block of OG
covering a block b of ON . Then the following hold:
1. The blocks of N covered by B form a G-conjugacy class.
2. Each defect group of b is the intersection of a defect group of B with N .
3. There is a block B′ of G covering b such that B′ has a defect group D′ satisfying
[D′ ∶ D′ ∩N] = [StabG(b) ∶ N]p.
4. If the centraliser in G of a defect group of is contained in N then B = bG and B is the
only block of G covering b.
Comparing B and b is particularly effective when we have additional information about
G/N , as we show in the next few lemmas.
Lemma 2.2. Let G be a finite group and N ⊲ G such that [G ∶ N] is a power of p. Let B be
a p-block of OG covering a block b of ON . Then B is the unique block of G covering b. If
b is G-stable, then B and b share a block idempotent and G = DN . Further, b is G-stable if
and only if [D ∶ D ∩N] = [G ∶ N].
Proof. That B is unique is [12, V., Lemma 3.5.], and [20, Proposition 6.8.11] tells us that B
and b share a block idempotent. Proposition 2.1 (2) tells us that [D ∶ D∩N] = [StabG(b) ∶ N]p.
Since [G ∶ N] is a power of p, ∣DN/N ∣ = ∣StabG(b)/N ∣, implying ∣DN ∣ = ∣StabG(b)∣. Thus, if
b is G-stable, we have [D ∶ D ∩N] = [G ∶ N], and G =DN . If we have [D ∶ D ∩N] = [G ∶ N]
then [StabG(b) ∶ N] = [G ∶ N], implying StabG(b) = G and that b is G-stable.
Lemma 2.3. ([3, Lemma 2.4]) Let N ⊲ G be finite groups such that G/N is solvable, and B
a quasiprimitive block of G with abelian defect group D. Then DN/N is a Sylow-p-subgroup
of G/N .
If A and B are O-algebras, they are Morita equivalent if their module categories are
equivalent. This occurs if and only if there is an (A,B)-bimodule M and a (B,A)-bimodule
N such that M ⊗B N ≅ A as (A,A)-bimodules and N ⊗A B ≅ B as (B,B)-bimodules. If N
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and M have endopermutation source, A and B are said to be basic Morita equivalent. If they
have trivial source, they are Puig equivalent.
A B-subpair is a pair (P,BP ) where P is a p-subgroup ofG and BP is a block of OPCG(P )
with Brauer correspondent B. When D is a defect group of B, the B-subpairs (D,BD) are G-
conjugate, and we write NG(D,BD) for the stabiliser in NG(D) of BD. The inertial quotient
of B is then E = NG(D,BD)/DCG(D), a p′-group unique up to isomorphism. If A and B are
basic Morita equivalent blocks, then they have the same defect group and inertial quotient
[20].
When B has abelian defect group, B is nilpotent if and only if its inertial quotient is
trivial, and nilpotent-covered if there is a nilpotent block covering B.
Proposition 2.4. Let G be a finite group and N ⊲ G, and let B be a block of OG covering
a block b of ON .
1. If b is nilpotent-covered, then b is inertial.
2. If p /∣ [G ∶ N] and b is inertial, then B is inertial.
Proof. (1) is [23, Corollary 4.3], and (2) is the main result of [28].
Comparing blocks when [G ∶ N] is a power of p is complex, but we do have the following
result due to Koshitani and Ku¨lshammer:
Theorem 2.5. ([15]) Let G be a finite group and N ⊲ G such that G/N is a p-group. Let b
be a G-stable p-block of kN , and let B the unique block of kG covering b. If B has an abelian
defect group D such that D ∩N has a complement R in D, then B ≅ kR⊗k b as k-algebras.
In [24], Watanabe extends this to O when a certain perfect isometry can be found. The
∗ in the following denotes the ∗-construction of characters due to Broue´ and Puig [5].
Proposition 2.6. ([24, Lemma 3]) Let N ⊲ G be finite groups and B a block of OG covering
a G-stable block b of ON . Suppose B has abelian defect group D such that D = (D ∩N) ×R
with G = N⋊R. Let BD be a Brauer correspondent of B in CG(D), and set BR ∶= (BD)CG(R).
If there’s a perfect isometry ǫ ∶ Z Irr(CG(R),BR) → Z Irr(G,B) such that ǫ(λ ∗ ζ) = λ ∗ ǫ(ζ)
for every λ ∈ Irr(R) and ζ ∈ Irr(BR), then B ≅ b⊗O OR as O-algebras.
There’s such no tool over O or k when G is a non-split extension, though this can be
managed in certain circumstances (e.g. in [10, §2]). When the E is cyclic and B has ∣E∣ simple
modules, we can apply another result of Watanabe to find the perfect isometry required by
Proposition 2.6. Recall that, for a block B of a group G, l(B) denotes the number of
irreducible characters of G that lie in B.
Theorem 2.7. ([25]) Let G be a finite group and B a block of G with defect group D and
cyclic inertial quotient E. Let (D,BD) be a maximal (G,B)-Brauer pair, and set N ∶=
NG(D,BD). If l(B) = ∣E∣, and CE(d) = 1 for each d ∈ [N,D]/{1}, then there exists a perfect
isometry ι ∶ Z Irr(N,BDN)→ Z Irr(G,B) such that ι(λ∗ ζ) = λ∗ ι(ζ) for λ ∈ Irr(CD(N)) and
ζ ∈ Z Irr(N,BDN).
When the defect group of a block is normal in G, we understand the block structure well
using the following result of Ku¨lshammer:
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Lemma 2.8. ([17]) Let N ⊲ G be finite groups, and let B be a block of OG with defect group
D and inertial quotient E. If D ⊲ G, then B is Puig equivalent to a twisted group algebra
Oγ(D ⋊E), where γ ∈ Op′(H2(E,O×)).
This will be particularly useful for us, since the inertial quotients under consideration
have trivial Schur multipliers by [21, Proposition 5.3], and so when D ⊲ G we will have that
B is Puig equivalent to O(D ⋊E).
When proving classifications up to Morita equivalence, there are a number of useful
reductions we can apply, which give us blocks with a simpler structure that lie in the same
Morita equivalence class. We start with the first Fong reduction:
Theorem 2.9. ([20, 6.8.3]) Let G be a finite group with N ⊲ G, and let B a block of OG
covering a block b of ON . Then there is a unique block B˜ of StabG(b) that is covered by B
and covers b. Further, B and B˜ have the same defect group and fusion system.
As described in [7, Proposition 2.2], one can derive the following from [18]:
Theorem 2.10. Let G be a finite group with N ⊲ G, and B a block of G with defect group
D covering a G-stable nilpotent block of N with defect group D ∩N . Then there is a finite
group L and M ⊲ L such that: M ≅D ∩N and L/M ≅ G/N ; there is a subgroup DL ≤ L with
DL ≅ D and DL ∩M ≅ D ∩N ; and there is a central extension L˜ of L by a p′-group, and a
block B˜ of OL˜ which is Morita equivalent to B and has defect group D˜ ≅DL ≅D.
Note that [20, 6.8.13] tells us the Morita equivalences in Theorems 2.9 and 2.10 are basic.
Remark 2.11. Let G be a finite group and B a block of G. We say B is quasiprimitive if, for
every N ⊲ G, B covers a G-stable block of N . We say B is reduced if it is quasiprimitive and if
B covering a nilpotent block of some N ⊲ G implies N ≤ O2(G)Z(G). Applying Theorem 2.9
and Theorem 2.10 lets us replace a given block of G with a reduced block of some G˜, which is
basic Morita equivalent to the original. Further, this G˜ is smaller than G in a certain sense:
Corollary 2.12. ([9, Corollary 2.3]) Let N ⊲ G be finite groups such that N /≤ O2(G)Z(G).
Let B be a quasiprimitive block of OG covering a nilpotent block b of N . Then there’s a finite
group H with [H ∶ Op′(Z(H))] < [G ∶ Op′(Z(G))] and a block BH that is Morita equivalent
to B and has isomorphic defect group.
3 Preservation of the inertial quotient
Let G be a finite group with N ⊲ G, such that [G ∶ N] is a power of p, and let B be a block
of OG with abelian defect group D and inertial quotient E covering a block of ON . In this
section, we prove that if [D,E] ≤ N , then the inertial quotient of b is isomorphic to E.
We start with a lemma showing that conjugates of Brauer corresponding blocks are the
Brauer correspondents of conjugates of those blocks.
Lemma 3.1. Let H ≤ G ≤ X be finite groups, and B a block of G with defect group D such
that CG(D) ≤ H. If b is a block of H satisfying bG = B, then (xb)G = xB, for all x ∈ X. In
particular, StabX(b) ≤ StabX(B).
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Proof. Let eB and eb be the block idempotents of B and b in OG and OH respectively, and
write eB = ∑
g∈G
βgg. Recall that b is the Brauer correspondent of B if ebBr
G
D(eB) ≠ 0. Then
BrGD(xeB) = ∑
g∈CG(D)
βg(xg) = x ( ∑
g∈CG(D)
βgg) = x(BrGD(eB)).
Therefore, (xeb)BrGD(xeB) = (xeb) (xBrGD(eB)) = x (ebBrGD(eB)) ≠ 0, and so (xb)G = xB. In
particular, if xb = b, then (xb)G = xB = B.
Let G be a finite group and N a normal subgroup with index pk for a prime p. Let b be a
p-block of N covered by a block B of G with abelian defect group D such that [D,E] ≤D∩N
and [G ∶ N] = [D ∶D ∩N]. Then b has inertial quotient isomorphic to E.
Theorem 3.2. Let G be a finite group with N ⊲ G such that [G ∶ N] is a power of p. Let B
be a block of OG with abelian defect group D and inertial quotient E, and let b be a G-stable
block of ON covered by B. If [D,E] ≤ N , then the inertial quotient of b is isomorphic to E
and its action on D is identical to that of E.
Note that the assumption that [D,E] ≤ N is redundant if D ∩N has a complement S in
D by applying an argument from [15]: since D is a p-group while E is a p′-group, if D ∩N is
an NG(D,BD)-stable direct factor of D, then Maschke’s theorem (as in [13, Theorem 3.3.2])
tells us that D ∩N has an NG(D,BD)-stable complement in D, which we can assume is S
in our notation. Further, [S,NG(D,BD)] ≤ S, but since G/N ≅ S is abelian, [G,G] ≤ N ,
implying that [S,NG(D,BD)] ≤ S ∩N = 1. Thus S ≤ CD(E).
Recall that a subgroup H ≤ G is said to control fusion of B-subpairs if, for each B-subpair
(P,BP ), NG(P,BP ) = NH(P,BP )CG(P ) [2].
Proof. Since [G ∶ N] is a power of p and b is G-stable, Lemma 2.2 tells us that B is the
unique block covering b, that G = ND, and that [G ∶ N] = [D ∶ D∩N]. Since S ≤ CD(E), the
same relationship holds between blocks of NG(D) covering blocks of NN(D), and likewise
for CG(D) and CN(D).
Let BD be a Brauer correspondent of B in CG(D) and write P ∶= D ∩ N . It is easy
to see that CG(D) ≤ NG(D,BD) ∩ CG(P ), and, since NG(D,BD) centralises S, we have
NG(D,BD) ∩ CG(P ) ≤ CG(S) ∩ CG(P ) = CG(D). Thus we have CG(D) = NG(D,BD) ∩
CG(P ), and so we can write
NG(D,BD)
CG(D) =
NG(D,BD)
NG(D,BD) ∩CG(P )
Since P is NG(D,BD)-stable, we also have NG(D,BD) ≤ NG(P ), implying that NG(D,BD) ≤
NG(CG(P )). This lets us apply the second isomorphism theorem, giving us
NG(D,BD)
NG(D,BD) ∩CG(P ) ≅
NG(D,BD)CG(P )
CG(P ) .
Next, we claim that NG(D,BD) stabilises the respective Brauer correspondents of b in CN(P )
and of B in CG(P ). Note that CCG(P )(D) = CG(D), so we can define BP ∶= BDCG(P ). Next,
we choose a block bP of CN(P ) covered by BP and satisfying (bP )N = B. By the first
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paragraph, bP and BP share a block idempotent; bP is CG(P )-stable; and BP is the unique
block of CG(P ) covering bP . Next, let x ∈ NG(D) and consider the block xBD of CG(D)
and the corresponding block B′P ∶= (xBD)CG(P ) of CG(P ). Then B′P uniquely covers a
CG(P )-stable block b′P of CN(P ) such that (b′P )N = b. In this situation, Lemma 3.1 tells
us that B′P = (xBD)CG(P ) = x(BDCG(P )) = xBP , also implying that b′P = xbP . Thus, if
x ∈NG(D,BD), then we have B′P = xBP = BP , and so b′P = xbP = bP . Therefore we have that
NG(D,BD) ≤ NG(P,BP ).
Next, since D is abelian, Alperin’s fusion theorem tells us that NG(D,BD) controls fusion
of B-subpairs. Since (P,BP ) ≤ (D,BD), this means thatNG(P,BP ) = NNG(D,BD)(P,BP )CG(P ) =(NG(D,BD) ∩NG(P,BP ))CG(P ). Since we proved that NG(D,BD) ≤ NG(P,BP ), this im-
plies that NG(P,BP ) = NG(D,BD)CG(P ). Therefore we can write
NG(D,BD)CG(P )
CG(P ) =
NG(P,BP )
CG(P ) .
BP is the unique block of CG(P ) covering bP , and bP is CG(P )-stable, telling us that
StabG(BP ) = StabG(bP ). Thus, to conclude, we define a map ϕ ∶ NN(P, bP )→ NG(P,BP )/CG(P )
given by the inclusion into NG(P,BP ) composed with the canonical projection g ↦ gCG(P ).
By Lemma 2.2, if g ∈ NG(P,BP ), then we can write g = nd for n ∈ NN(P, bP ) and d ∈ D,
so that ϕ(g) = gCG(P ) = ndCG(P ) = nCG(P ) = ϕ(n). Since n ∈ NN(P, bP ), ϕ is surjective.
Next, observe that ker(ϕ) = {n ∈ NN(P, bP ) ∶ nCG(P ) = CG(P )} = NN(P, bP ) ∩ CG(P ) =
CN(P ). Thus, we finish the proof by applying the first isomorphism theorem:
NG(P,BP )
CG(P ) ≅
NN(P, bP )
CN(P ) .
Note that Theorem 3.2 can be deduced from [27, Lemma 3.6], though our proof avoids
the use of pointed defect groups.
4 Singer Cycles and Results from [21]
[21, Theorem 1.1] gives the basic Morita equivalence classes of 2-blocks with defect group
(C2m)n and inertial quotient E containing an element of order 2n − 1. We collate several
lemmas from that paper in Lemma 4.2, but we start by recalling the definition of a Singer
cycle.
Let p be a prime, and P ≅ (Cp)n. Then Aut(P ) ≅ GLn(p) contains elements of order pn−1.
These elements are called Singer cycles. Further, if Q ≅ (Cpm)n, then Aut(Q)/Op(Aut(Q)) ≅
GLn(p), so elements of order pn − 1 in Aut(Q) act transitively on the non-trivial elements of
Ω(Q) ∶= {q ∈ Q ∶ qp = 1} ≅ P , and freely on the non-trivial elements of Q.
Proposition 4.1. Let n be a natural number and p be a prime. Let Q ≅ (Cpm)n and define
P ∶= Ω(Q) ≅ (Cp)n and G ∶= Aut(Q)/Op(Aut(Q)). Then G ≅ GLn(p) contains a Singer cycle
and the following hold:
1. The Singer cycles in G are the elements of maximal order, and the subgroups of G that
are generated by a Singer cycle are conjugate in G, and act regularly on P /{1} and
freely on Q/{1}.
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2. Let E be a p′-subgroup of G containing a Singer cycle. Then either E ≅ C2n−1, or
E ≅ C2n−1 ⋊F where F is cyclic of order dividing n.
3. If H is a non-trivial normal subgroup of E, then CQ(H) = 1.
Proof. This follows from [21, §2].
In light of Proposition 4.1, when we consider a block with defect group (C2m)n × C2r
whose inertial quotient contains an element of 2n − 1 and centralises C2r , we understand the
action on the defect group well. In Lemma 4.2 we summarise the consequences of this action,
derived from [21, §5].
Recall the following definitions and facts from [4, §11]: a group is quasisimple if it is a
perfect central extension of a simple group. If G is a finite group, a component of G is a
subnormal, quasisimple subgroup, and the layer of G, denoted E(G), is the central product
of the components of G. The Fitting subgroup of G, F (G), is the product of the p-cores of
G for each p dividing ∣G∣. The generalised Fitting subgroup, denoted F ∗(G), is the central
product of E(G) and F (G). Note that E(G), F (G) and F ∗(G) are normal in G, and that
CG(F ∗(G)) ≤ F ∗(G), providing an injective homomorphism G/F ∗(G) → Out(F ∗(G)).
Lemma 4.2. Let G be a finite group, and B a reduced 2-block of G with defect group D
and inertial quotient E such that D = Q ×R with Q ≅ (C2m)n and R ≅ C2r , and such that E
centralises R and contains an element of order 2n − 1. Then the following hold:
1. If N ⊲ G, then Q ∩N ≅ (C
2m
′ )n for m′ ≤m, and R ∩N ≅ C
2r
′ for r′ ≤ r.
2. If D is not normal in G, and H < D such that H ⊲ G, then H is centralised by a
non-trivial subgroup of E. In particular, O2(G) ≤ R.
3. If D is not normal in G, then O2′(G) ≤ Z(G) ≤ Z(F ∗(G)) ≤ O2(G)Z(G).
4. If D is not normal in G, then the components of G are permuted transitively by E, and
CD(E) ∩E(G) is contained in the intersection of all the components.
5. If D is not normal in G, then Ω(Q) ≤ E(G) and there is an embedding E↪ Aut(L) ≀St,
where L is a component of G and t is the number of components of G.
6. If D is not normal in G, then t = 1 and E(G) = L is quasisimple.
Proof. For (1), the structure of Q ∩N follows from [21, Lemma 5.1]. (2) is [21, Proposition
4.4]. (3) follows from [21, Lemma 4.3] and (2). (4) is [21, Lemma 5.4]. Applying (1), either
Q ∩ E(G) = 1 or Ω(Q) ≤ E(G). If Q ∩ E(G) = 1, then B covers a nilpotent block of E(G)
and since B is reduced, and by Proposition 5.1 and (3), we have F ∗(G) = Z(G), in which
case D ≤ G = CG(F ∗(G)) ≤ F ∗(G) = Z(G), implying D ⊲ G. Thus (5) follows from (4) by
the argument described in the proof of [21, Lemma 5.6].
Following the proof of [21, Lemma 5.6], here considering Ω(Q) rather than all of D, this
implies there is a subgroup isomorphic to C2n−1 in C2k−1 ≀ Ct where n = tk. Considering
exponents, [21, Lemma 5.5] tells us there is no such embedding unless t = 1 or t = k. If t = k,
then we must that Ω(D)∩Li has rank 2, with R ≤ ∩t(Li). This implies R ≤ Z(E(G)) ≤ Z(G),
and so the B-covered block of E(G) would cover nilpotent blocks of every component, a
contradiction. Thus t = 1.
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Before proceeding, we consider the classification of blocks of quasisimple groups with
abelian defect groups, from [8, Theorem 6.1]. Here we present [21, Corollary 4.8], a table
summarising that result and others from that paper for non-nilpotent blocks.
Theorem 4.3. Let L be a quasisimple group, and b be a non-nilpotent 2-block of OL with
abelian defect group D. Then the following table describes the six possible situations that can
occur, including the isomorphism type of L, D, Out(L), and the inertial quotient Eb of b,
where appropriate:
Group Block D Out(L) Eb Notes
SL2(2n) Principal (C2)n Cn C2n−1 n ≥ 2
2G2(q) Principal (C2)3 Cq C7 ⋊C3 q = 3r, r odd
J1 Principal (C2)3 1 C7 ⋊C3
Co3 Non-principal (C2)3 1 C7 ⋊C3 Unique non-principal
L/Z(L) type At or E6 Nilpotent-covered - - -
M0 ×M1 ≤ L b0 ⊗ b1 D0 ×C22 - C3 †
† In the final case, L is of type Dt(q) or E7(q) where q is an odd prime power and t/2 is
odd. Further, b is Morita equivalent to b0 ⊗ b1 where bi is a block of Mi; M0 is abelian; b1 is
Puig equivalent to OA4 or B0(OA5); and Eb has order 3 and centralises D ∩M0.
Remark 4.4. [16, Theorem 1.5, Lemma 4.2 (xi)] tells us that the non-principal block of
Co3 with defect group (C2)3 is Puig equivalent to the principal block of Aut(SL2(8)), and
according to [22, Example 3.3, Remark 3.4], it had been essentially proved in [19] that the
principal block of Aut(SL2(8)) and the principal block of 2G2(q) are Puig equivalent (see
[16, Theorem 1.6]).
5 Proof of the main theorem
Now we proceed towards proving Theorem 1.1 and Theorem 1.2.
Proposition 5.1. Let G be a finite group, and B a 2-block of OG with abelian defect
group. Suppose that O2(G) is non-trivial and cyclic, and that B covers a G-stable block
bC of CG(O2(G)). Then O2(G) is central in G.
Proof. Since D is abelian and O2(G) ≤D, we have that D ≤ CG(D) ≤ CG(O2(G)). Therefore,
Proposition 2.1 (4) tells us that bC
G = B, and that B is the unique block of G covering
bC . Therefore, since D ≤ CG(O2(G)), Proposition 2.1 (2) tells us that 2 /∣ [StabG(bC) ∶
CG(O2(G))], and since bC is G-stable by assumption, this means 2 /∣ [G ∶ CG(O2(G))].
We know that NG(O2(G))/CG(O2(G)) embeds into Aut(O2(G)). However, since O2(G)
is a cyclic 2-group, Aut(O2(G)) is also a 2-group. In particular, since O2(G) ⊲ G, this tells
us that G/CG(O2(G)) is a 2-group. Thus we must have that [G ∶ CG(O2(G))] = 1, i.e. that
G = CG(O2(G)) and thus O2(G) ≤ Z(G).
Recall that a group is supersolvable if it has an invariant normal series where each factor
is cyclic.
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Lemma 5.2. Let G be a finite group, and B a reduced 2-block of G with defect group D
and inertial quotient E such that D = Q × R with Q ≅ (C2m)n and R ≅ C2r , and such that
E centralises R and contains an element of order 2n − 1. If D is not normal in G, then
G/F ∗(G) is supersolvable and G/L is solvable.
Proof. Applying Proposition 5.1 and , we have that F ∗(G) = LZ(G). Since G/F ∗(G) ≤
Out(F ∗(G)), this means we have G/F ∗(G) ≤ Out(L). Further, Out(L) = Out(L/Z(L)), and
Schreier’s conjecture tells us this is solvable, implying G/F ∗(G) is solvable. Since, F ∗(G)/L
is abelian and G/F ∗(G) ≅ (G/L)/(F ∗(G)/L), this tells us that G/L is also solvable.
B covers a block of a quasisimple group with defect group D ∩ L, which means that we
are in one of the six cases described by Theorem 4.3. Noting that L cannot be type D4, [6,
Table 5] shows us that Out(L) must be supersolvable. Since G/F ∗(G) ≤ Out(L), we have
that G/F ∗(G) is supersolvable.
Next we consider the index of L in G. We recall a definition from [14]: the lower p-series
of a p-solvable group is 1 ≤ Op′(G) ≤ Op′,p(G) ≤ Op′,p,p′(G) ≤ ... where Op′,p(G) is the group
containing Op′(G) such that Op′,p(G)/Op′(G) = Op(G/Op′(G)), and so on. The p-length of
G is defined as the number of quotients in this series that are p-groups.
Lemma 5.3. Let G be a finite group, and B a reduced block of G with defect group D
and inertial quotient E such that D = Q × R with Q ≅ (C2m)n and R ≅ C2r , and such that
E centralises R and contains an element of order 2n − 1. If D is not normal in G, then
Q ≤ E(G). Further, either R ≤ E(G), or there exists a normal subgroup N ⊲ G containing
E(G), such that 2 /∣ [N ∶ E(G)] and [G ∶ N] = [R ∶ R ∩E(G)] ∣ 2r.
Proof. Write G ∶= G/F ∗(G). Lemma 5.2 tells us that G is supersolvable, so there is a chain
1 = N0 ⊲ N1 ⊲ ... ⊲ N s−1 ⊲ N s = G such that [N i ∶ N i−1] is a prime and N i ⊲ G, for each
i. Taking the preimages of these subgroups under the canonical projection G → G, we get a
corresponding chain F ∗(G) = N0 ⊲ N1 ⊲ ... ⊲ Ns = G where [Ni ∶ Ni−1] is prime and Ni ⊲ G,
for each i.
Thus, for each i we have that [Q ∩ Ni ∶ Q ∩ Ni−1] is 1 or 2. However, Lemma 4.2 (1)
tells us that Q ∩Ni is trivial or of the form (C2m′ )n for some m′ ≤ m. Thus we must have
Q ∩Ni = Q ∩Ni−1 for each i, implying that Q ≤ F ∗(G). By Lemma 4.2 (1), Q ∩ Z(G) = 1,
and Proposition 5.1 tells us that O2(G) ≤ Z(G), so we must have Q ≤ E(G). Note that
Lemma 4.2 (6) tells us that E(G) = L is quasisimple.
Lemma 2.3 tells us that DL/L is a Sylow-2-subgroup of G/L, and thus if [Ni ∶ Ni−1] = 2
we must have [R∩Ni ∶ R∩Ni−1] = 2, implying that RL/L is a Sylow-2-subgroup of G/L, and[G ∶ L] = [R ∶ R ∩ L] ≤ 2r. Since RL/L is abelian and G/L is solvable, [13, Chap 6, ex 13]
tells us the 2-length of G/L is 1. That is, the lower 2-series of G/L is
1 ≤ O2′(G) ≤ O2′,2(G) ≤ O2′,2,2′(G) =G/L
These are characteristic subgroups of G/L, and if we take preimages under the projection
G→ G/L, we get a series L ⊲ N ⊲M ⊲ G such that L,M, and N are characteristic subgroups
of G, and [M ∶ N] ≤ 2r, while [G ∶ M] & [N ∶ L] are odd. Since M/N ⊲ G/N , there’s
a non-trivial homomorphism
G/N
M/N → Out(M/N). However, M/N is a cyclic 2-group, so
Out(M/N) is a 2-group, while G/N
M/N ≅ G/M has odd order. This implies that G =M , so that
we have a chain L ⊲N ⊲ G where G/N ≅ RL/L, and [N ∶ L] is odd.
9
Lemma 5.4. Let G be a finite group and B a reduced block of OG with defect group D = Q×R
and inertial quotient E such that Q ≅ (C2m)n, R ≅ C2r , and E centralises R and contains an
element of order 2n − 1. Let E(G) ⊲ N ⊲ G be the chain given in Lemma 5.3, and let bN be
the block of ON covered by B. Suppose that E is cyclic. If bN is basic Morita equivalent to its
Brauer correspondent in NN(D∩N), then B is Morita equivalent to its Brauer correspondent
in NG(D).
Proof. Proposition 4.1 (2) tells us that E = E ⋊ F where E ≅ C2n−1 and F ≤ Cn. Since E is
cyclic, we have E = E ≅ C2n−1. Lemma 5.3 tells us that Q ≤ E(G). Thus, bN has defect group
D ∩N ≅ Q×R′, where R′ ≤ R ≅ C2r . Note that Theorem 3.2 tells us bN has inertial quotient
E ≅ C2n−1, and so Proposition 4.1 (1) tells us that E acts freely on the non-trivial elements
of [D,E] = Q.
First, if R ≤ E(G), then we have G = N and B = bN , and so we are done by assumption.
Next, suppose that 1 < R ∩ E(G) < R, so that D is a non-split extension of D ∩ N .
Let BD be the Brauer correspondent of B in NG(D). To show that B and BD are basic
Morita equivalent, we will show there is a Morita equivalence between B and BD that is
compatible with the ∗-structure. To do so, it is sufficient by [26, Propositions 2.7 & 3.6] to
show that there is a Morita equivalence between B and O(D ⋊ E) that is compatible with
the ∗-structure.
When r = 0, we have D = Q and G = N , so B is basic Morita equivalent to BD by
assumption. By [26, Proposition 3.6], this implies there is a Morita equivalence between B
and BD that is compatible with a local system, and by [26, Proposition 2.7], this is equivalent
to the existence of a Morita equivalence between B and O(Q ⋊ E) that is compatible with
the ∗-structure.
We proceed by induction on r. Since bN has defect group D ∩ N = Q × C2r′ ,1 ≤ r
′ < r
and inertial quotient E, by induction there is a Morita equivalence between ONbN and
O((D ∩ N) ⋊ E) that is compatible with the ∗-structure as in [5]. Since E is cyclic by
assumption, and we know CQ(E) = 1, [26, Proposition 5.10] then tells us there is a Morita
equivalence compatible with the ∗-structure between OGB and O(D ⋊E), as claimed.
Finally, suppose that R ∩E(G) = 1, so that bN is basic Morita equivalent to O(Q ⋊ E).
Note that O(Q⋊E) has ∣E∣ simple modules, and since basic Morita equivalence preserves the
number of simple modules, we have l(bN) = ∣E∣. Further, as D is abelian and bN is G-stable,
[11, Proposition 3.1] tells us that D acts as inner automorphisms on bN . Since G = N ⋊R,
this implies that l(B) = l(bN) = ∣E∣. Thus, writing N ∶= NG(D,BD), Theorem 2.7 tells us
there exists a perfect isometry κ ∶ Z Irr(N ,BDN )→ Z Irr(G,B) such that κ(λ ∗ ζ) = λ ∗ κ(ζ)
for λ ∈ Irr(CD(N )) and ζ ∈ Z Irr(N ,BDN ).
Now, BD
N has inertial quotient E, and thus we can apply the argument above again
to get a perfect isometry ǫ ∶ Z Irr(N ,BDN ) → Z Irr(CG(R),BR) such that ǫ(λ ∗ ζ) for all
λ ∈ Irr(CD(N )) and ζ ∈ Z Irr(N ,BDN ). Thus, the composition κ○ǫ−1 satisfies the conditions
of Proposition 2.6, and so B ≅ bN ⊗O OR as O-algebras. Thus B is Morita equivalent to
O((Q ⋊E) ×R).
Lemma 5.5. Let G be a finite group and B a block of kG with defect group D = Q ×R and
inertial quotient E such that Q ≅ (C2m)n, R ≅ C2r , and E centralises R and contains an
element of order 2n − 1. Suppose that E is non-cyclic and that R ∩E(G) = 1. If B covers an
inertial block of E(G), then B is Morita to its Brauer correspondent in kNG(D).
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Proof. Lemma 4.2 (6) tells us that E(G) = L is quasisimple, and Lemma 5.3 tells us there is
a chain L ⊲ N ⊲ G such that [N ∶ L] is odd and, since R∩L = 1, that G/N ≅ R. In particular,
D = (D ∩N) ×R, and so Theorem 2.5 tells us that B ≅ bN ⊗k kR as k-algebras. Thus B is
Morita equivalent to k(Q ⋊ E)⊗k kR, and thus to k((Q ⋊ E) ×R).
Now we prove Theorem 1.1.
Proof. Let G be a finite group and B a block of OG with defect group D = Q×R and inertial
quotient E such that Q ≅ (C2m)n, R ≅ C2r , and E centralises R and contains an element of
order 2n − 1, with n,m, r ≥ 1.
Proposition 4.1 (2) tells us that E = E ⋊ F , where E ≅ C2n−1 and F is isomorphic to an
odd order subgroup of Cn, such that E acts freely on Q/{1} and transitively on Ω(Q)/{1},
and a generator of F acts on Ω(Q) as the psth-powering, where ∣F ∣ = n/s.
We suppose B is a minimal counterexample: in particular, suppose ([G ∶ O2′(Z(G))], ∣G∣)
is minimised in the lexicographic ordering such that B does not lie in any case of Theorem 1.1.
We may assume B is reduced in the manner described in Remark 2.11: suppose N ⊲ G and
bN is a block of N covered by B. Theorem 2.9 tells us that B covers a block BI of StabG(bN)
that is basic Morita equivalent to B. By minimality, we must have B = BI , so bN is G-stable.
Applying this argument to each normal subgroup, B is quasiprimitive. Further, by minimality
and Corollary 2.12, if N ⊲ G and B covers a nilpotent block of N , then N ≤ O2(G)Z(G).
Note that the Schur multiplier of E is trivial by [21, Proposition 5.3]. Thus, if D is normal
in G, then Lemma 2.8 tells us that B is Puig equivalent to O(D ⋊E), placing us in case (1a)
and contradicting our assumption that B is a counterexample. Therefore D is not normal in
G, and so Lemma 4.2 (2) tells us that O2(G) ≤ R, and Lemma 4.2 (3) implies that O2′(G) ≤
Z(G) ≤ Z(F ∗(G)) ≤ O2(G)Z(G). Proposition 5.1 tells us that O2(G) ≤ Z(G), and so, by
Lemma 4.2 (6), G contains a single component L ⊲ G, F ∗(G) = LZ(G), G/F ∗(G) ≤ Out(L),
and Lemma 5.2 tells us that G/F ∗(G) is supersolvable. Finally, Lemma 5.3 tells us thatQ ≤ L,
and that there is a chain L ⊲ N ⊲ G such that 2 /∣ [N ∶ L], and [G ∶ N] = [R ∶ R ∩L] ∣ 2r. Let
b, b∗ and bN denote the B-covered blocks of L, F
∗(G), and N respectively, and note that b∗
covers b and that b and bN share a defect group.
Consider G ∶= G/O2′(G), and note that there is a block B of G whose defect group and
inertial quotient are isomorphic to those of B. However, [G ∶ O2′(G)] = [G ∶ O2′(G)], while∣G∣ > ∣G∣. Thus, by minimality, we have that G = G, and so F ∗(G) = LZ(G) = LO2(G).
Next, we consider which candidate structures for b and L from Theorem 4.3 are compatible
with what we now know. Let η denote the rank of D ∩ L, so that η = n if R ∩ L = 1, and
η = n + 1 otherwise.
• Suppose L ≅ SL2(2η), in which case D ∩ L ≅ (C2)η , and b has inertial quotient Eb ≅
C2η−1. We claim that η = n. Since G/F ∗(G) ≤ Out(SL2(2η)) ≅ Cη, and F ∗(G)/L ≤
Z(G), [21, Theorem 4.12] tells us that there is some subgroup of Eb that is isomorphic
to a normal subgroup of E. However, Eb is generated by a Singer cycle in GLη(2), and
thus no non-trivial elements of Eb fix any non-trivial elements ofD∩L by Proposition 4.1
(1). If R ∩L ≠ 1, this implies there is a subgroup of E that does not centralise R. This
is a contradiction, and thus η = n.
Next, we claim that F ∗(G) = L × R. Consider the action of RF ∗(G)/F ∗(G) on D ∩
F ∗(G). We have that RF ∗(G)/F ∗(G) ≤ G/F ∗(G) ≤ Out(SL2(2n)), and the outer
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automorphisms of SL2(2n) are the field automorphisms of SL2(2n). In particular, as
in [21, Lemma 4.10], there is a defect group S of b such that Out(SL2(2n)) centralises no
non-trivial elements of S. However, D is abelian, so RF ∗(G)/F ∗(G) must centralise the
defect groups of b. This implies R ≤ F ∗(G), and so R = Z(G) and F ∗(G) = SL2(2n)×R.
Since G = ND, this implies that G = N ×R. Thus, we have F ∗(G) = F ∗(N)×R, and so
N ≤ Aut(L). Since Theorem 3.2 tells us that bN has inertial quotient E, [21, Lemma
4.10] tells us [N ∶ L] = [E ∶ Eb]. That is, G ≅ (SL2(2n)⋊F )×R where E = Eb ⋊F . This
places us in case (1b), contradicting our assumption that B is a counterexample.
• Suppose L ≅ 2G2(q), where q = 3f for f odd. Note that Out(2G2(q)) ≅ Cf , so [G ∶
F ∗(G)] is odd. Thus R ≤ F ∗(G) = L × Z(G), and so either R ≤ L or R = Z(G). If
R ≤ L, then G ≤ Aut(L) and [7, Proposition 3.1] tells us that B is Puig equivalent
to b. This implies B has inertial quotient C7 ⋊ C3, which does not centralise R - a
contradiction. Therefore, F ∗(G) = L × R. This implies F ∗(G) = F ∗(N) × R and so
N ≤ Aut(L). Thus, G = N × R, where N ≤ Aut(2G2(q)). Note that [7, Proposition
3.1] tells us that bN is Puig equivalent to b, implying by Theorem 3.2 that E ≅ C7 ⋊C3.
Further, by Remark 4.4, this implies bN is Puig equivalent to the principal block of
Aut(SL2(8)), and since G is a direct product, B is M we have that B ≅ bN ⊗O OR,
placing us in case (1b).
• Suppose L ≅ Co3. Since Out(Co3) = 1, we have G = F ∗(G) ≅ Co3 ×O2(G). We must
have R∩Co3 = 1, since otherwise the inertial quotient of B does not centralise R. Thus,
G ≅ Co3 ×R, and so by Remark 4.4 and as above, B is Puig equivalent to the principal
block of Aut(SL2(8)) ×R, placing us in case (1b) and giving a contradiction.
• Suppose L ≅ J1. Since Out(J1) = 1, we have G = F ∗(G) ≅ J1 ×O2(G). We must have
R ∩ J1 = 1, since otherwise the inertial quotient of B does not centralise R. Thus,
G ≅ J1 ×R, placing us in case (1c) and providing a contradiction.
• Suppose b is nilpotent-covered. Then Proposition 2.4 (1) tells us b is inertial, and
Proposition 2.4 (2) then tells us bN is inertial. If R ≤ L then G = N , and so B is
inertial. If E is cyclic, then Lemma 5.4 tells us that B is inertial. Thus if R ≤ L or E is
cyclic, we are in case (1a), providing a contradiction.
• Suppose b lies in the final case of Theorem 4.3, so there is a decomposition D ∩ L =
(D ∩M0) × (D ∩M1) where D ∩M1 ≅ (C2)2. Clearly Q ∩M1 ≠ 1, and by considering
the rank of D and D ∩ L, this implies Q is elementary abelian. [8, Propositions 5.3]
tells us that L is of type Dt(q) or E7(q) with t/2 odd and q a power of an odd prime.
The 2-length argument in Lemma 5.3 applies to G/F ∗(G), and so there exists a chain
F ∗(G) ⊲ M ⊲ G such that M/F ∗(G) is odd, and [G ∶ M] = [D ∶ D ∩ F ∗(G)]. Let
bM denote the block of M covered by B, and note that Theorem 3.2 tells us that bM
has inertial quotient E. Note that M/F ∗(G) is an odd subgroup of Out(L), and by
examining [6, Table 5], this implies that M/F ∗(G) is cyclic. Thus, since F ∗(G)/L is
abelian, [21, Theorem 4.12] tells us that Eb ⊲ E. However, Eb centralises all D ∩M0,
and so if n > 2 we have a contradiction to Proposition 4.1 (3).
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Thus we have n = 2, and [10, Theorem 3.2] tells us that B is Morita equivalent to
O(A4 ×R) or B0(O(A5 ×R)). The former places us in case (1a), while the latter places
us in case (1b), each giving a contradiction.
Since all the cases above lead to a contradiction, B cannot be a minimal counterexample,
and so Theorem 1.1 must hold.
We conclude by proving Theorem 1.2.
Proof. Let G be a finite group and B˜ a block of kG with defect group D = Q×R and inertial
quotient E such that Q ≅ (C2m)n, R ≅ C2r , and E centralises R and contains an element of
order 2n − 1, with n,m, r ≥ 1. The arguments in the proof of Theorem 1.1 all apply to B˜ as
they did to the block of OG, with the sole exception of applying Lemma 5.4. To replace this,
suppose that either R ∩ E(G) = 1 or R ≤ E(G), and that B˜ covers an inertial block of the
normal subgroup N defined in Lemma 5.3. If R ≤ L then N = G and so B˜ is inertial, while if
R ∩L = 1 then Lemma 5.5 tells us that B˜ is Morita equivalent to k((Q ⋊ E) ×R).
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